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Fitting emittance and 6 ,/p.
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Momentum deviation calculation using RF frequency

Phase slip factor n

gl L
v
The transition gamma y, is 5.401 for Booster and 21.6 for Main Injector.

dp/p calculation

Ao 1N
p nf
Differential relations between B, R, Ap/p, and f
Variables Equations
Ap _ . AR AB
B, p, R ?_ytr R + B
Ap  , Af 5 AR
R — =y oty —
AB_ . N V- A
B,ﬁ p B ’J/tr f + )/2 p
AB 2 A 2 2 _AR
B, f R ?=}"7+(V 1)




Lattice function calculation closed orbit BPM data

Phase advance calculation

The 1-bump orbit displacement at i-th BPM caused by the dipole correctors can be written as:

O BB, - ki cos2x(p, - a)]

( 25in(0) ,  with a, =y, +0/2 and (1a)
X = i k;::([igw’ —az)], with a, =y, + 0/2 and (1b)

Q is the total tune of the machine. The indices 1 & 2 are used to denote the two dipole
corrector used to cause 1-bump orbit, i.e. y, and v, are the phase at the corrector location. The
indices i denote the i-th BPM location.

Define ;" =fol) and d{* = foz) and we get:
\/ﬁl “k, \//372 -k,
cos(2myp,) = 1 di(l) sin(2za, ) - d,-(z) sin(2na, )
; \/E sin|:2J'L'(O!2 -q, )] o0
sin(2mp,) = 1 d"cos2na,)- di(z) cos(27ar,)
"B -sin[27(a, - 1)) ] )

From equation (2) the value of v, can be calculated without knowing what p, is.

beta calculation

Square-sum of equation (2a) and (2b) provides the equation to calculate , with:

2 2
d" cos2ma,)-d? cosQma,)| | dV sinQRra,)-d? sin(2war)

B = - B
—sin[ 27 (a, - o)) ] sin[27(a, - o)) | (3a)
Continuing on with equation (3a),
(dV) +(a®) =2-d"-d? - cos[27(c, - at, )]
B = . 2
sin®[27(a, - o)) ] (3b)

evaluating the derivatives of S, as:

op,  2d"-2-d? ~cos[2ﬂ,'(oc1 —az)]

a(df”) sin’[27(a, - at)) |
B 2d® -2-d" -cos[2ﬂ(a, -a, )]
o(d”) sin’[27(c, - 1))



and the error on B, can be written as:

2

(Ad®) +

2
(a7

b
o(d")

9B,

(A/J),‘)2 = a(di<2>)

(4)



Ring closure calculation

Twiss parameters

Treating a ring as transfer line and start with initial twiss parameter of 8, and «,, we get at one
turn around g,, a,, and phase advance v ,. The 1-turn transfer matrix is:

(%)Z(COSIPQ o Siszn) (/31/32)% siny,,

1

e g o (g_l)z(“’s"’v-%sinwu)_ 1)

This same matrix can be expressed in the actual ring twiss parameters f, a, and total phase
advance v as:

CosY + asiny Bsiny

2
M=|_l+a siny  cosy —asiny
B (2)

From equation (1) and (2) we get:

(%)z(coswlz + o, siny,, ) = cosy + arsiny
1

(3a)
(/51[3,2)E siny,, = fsiny (3b)
_lra % g iny cosw o ———siny
\ B\, e V /31/32 e [3 (Bc)
(&)z(cosw12 - a,siny,, ) = cosy — asiny
B (3d)
Using equ. (3a) and (3d) we get:
cosy =0.5- (%)2 (coszp12 +a simplz) + (%)2 ((:051/)12 -a, simplz)
=0.5- (%)2 + (g—;)z cosy,, + (%)2051 - (g—‘z)zaz - siny,,
(4a)
and
siny = /1 — cos* (4b)

With equation (3b) we have:



1

(BB,)? siny,
siny (5)
with the sign of siny being such that f is positive.

By subtracting equ. (3d) from (3a) the value of a follows:
1 1 1 1
ﬁz)z (/31 ) (/3) (/31 ) .
SR =1 (reosyy, + ||| o+ | oy | siny
(ﬁl B, B TRV R
2siny 6)

o=

Dispersion functions

In similar approach we treat the ring as beamline and track the dispersion function all the
way around with 7, n,, being the initial condition and n,, 1, being the result at 1-turn. To
find the right initial condition such that the initial and final condition are the same we can
write down the equation as:

cosy + asin sin

n, v 2 v psiny An) (m+An) (n
\ + 1+ (04 . . = ' = !
1, Sy  cosy — o sy An N, +An n

where 1 and 71’ are the closed solution. Substituting An with n-n, and An with n -n, we
get:

CcoSY + o sin sin
n, + ;f o’ v psiny n=m\ (N
n, siny  cosy-asiny|\n' -n) \n

This gives us two equations from with to solve for 1 and 7n:
b b,\n b,
where

a,=m, - [(cosw +asiny)-n, + Bsiny- 771]

a, =1-cosy —asiny

a, =-Psiny
, —(1+a2) _ _ ,
by=mn,- Tsmtp n + (COSI/J - asml/)) N,
2
b, = I+a siny

b, =1-cosy + asiny



Closed orbit

The equation to solve for the closed orbit is exactly the same as that of the dispersion
function, except that n is replaced by x.

le+ cos1p+2asimp Bsiny (x—xl)=(x)

I+a” . .
Sy  cosy — o siny

X, x-x) \x
Among the coefficients above only a,and b, need to be recalculated. The initial condition for

the horizontal plane and vertical plane closed orbit can be solved the same way.



Formula for calculating closed bumps

3-Bump for desired displacement Ax

0 = A&
1 \//31/52 siny,
1
02 = —el(ﬁ)z S.inwm
B,) siny,y,
1
63 = Hl(ﬁ)z S‘inwu
Bs) sinyy

4-Bump of equal displacement at location 2 & 3
Use the equations above we can construct two adjacent 3-bumps. The first is:
AxZ

“ ’\//51/32 siny,,

1
B )2 siny,
B,) siny,,

1
>
Sin
a; =q & ; Wiz
B;) siny,,

By making Ax, = Ax, = a,+/B,8, siny,, and with final 4-bump angles as: 6, =, 6, =, +v,,
0, =a, +y,, and 6, = a,, the second 3-bump can be written as:

y =¢=9\/Esmﬁ%z
’ \B.b; siny,, 1 B siny,,
1
__ ( B, )z sing,, _ o VBB, siny, -siny,,
Y3 ==Y, /5 =
3
1

sinys, 1 Bs  sinyyy-sinyy,
_ & 2 Siny,; 0 BB, siny,,
Ya=7"s . =0 —
B,) sinys, BB, siny,, ,

a, = —a,(

-10 -



Angles for the 4-bump
= sz

0 =0 =—r—~2——
1 1 \/ﬁlﬁz siny,,

0,=0,+7, =_611/ﬁ%+91
B, siny,,

\/E siny,, _ _QH/EI (Sinlpw _ Sinqﬁz)
B; siny,,  siny,, \/ﬁ_z \/_

O,=a;+7y,= 611,% S.m:i}n
3 SINYy,

V /31/32 Slnlplz
0,=y,=0-r———
e \ BB, sinys,

_8 BB, siny,, - siny,, =0\/ﬁ7151n1,v12 (- \//zsmz‘u24
1 B;  siny,, -siny,, 1 B; siny,, B; siny,,

Displacements within the 4-bump at any K location

= 261.1/[3’1.[3’,( siny,, , for all i's with y, > 0.

i=1234

11—



Calculation of multi-moments, sigma, skewness and kurtosis

Discrete n-th moment calculation

Using the cumulant, or raw moments
n
Sn = E xi yi
i

and the mean

_ 1 8

X = _Exiyi =
So 7 So

1 n
The n-th moment u, = —E(xi ~X) -y, canbe calculated.
S, 4

Sigma
o = M2=—Ex—x Y, -—Ex Y- X =2
skewness
u, 1|1 3 L |s, _ S, 4
=3 - X —X =—|—=-3x-—=+2Xx
¢ o’ o'|s, 2(’ ) v S, So
Kurtosis
w, 111 _\4 Lis, _ 85 -
ot o' 302( ’ ) YT S, SO so

and the excess kurtosis
K, =K-3.

-12-
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Rotation of ellipses and formula

Ellipse in polar coordinate

The equation for an un-rotated ellipse, i.e. major axis on the x-axis, can be written down as

2 2
Sl , with a being the half length of major axis and f being the distance from
a- f-cos6
4

center of ellipse to the focal point. It is also conventionally written as r = oot
— e cos

Figure 1: Characteristics of an elliptical contour.

Ellipse in parametric formula, using lattice parameters

x=\/$cos¢

x'= —\/E(sin¢+a‘cos¢)
B (1)

Where 8 and a are lattice parameters, and ¢ the emittance.

Rotate ellipse to zero tilt

To un-tilt a rotated ellipse the angle of the major axis need to be determined. This can be
accomplished by utilizing the fact that

r,*AT)=0 )

13—



A

X
Where 7, =| " |, using expression given in (1), is the vector from origin of ellipse to point A
A g eXp g g p P

. .. . - dp | . .
, where major axis intersects the ellipse. The other vector A(7,) = e is the derivative of
X
dp
L JA

7, and is given as

dx .

— =—,/gBsin

o psing,

@ —\/E(cosq)A —asing, )

with ¢, being the phase at point A.
Applying expression (1) and (3) in the dot-product equation (2) leads to

2
tan (29, ) = /52+—2‘2_1

The direction of the major axis can now be calculated as:

€ .
- [—=(sing, +a-cosg,) .
6 =tan"'| “4 | = tan" \/; - tan”! —~(sing, +a-cosg,)
Xa \JEL cos, B-cosd,

and the half-length of major axis a as:

a= \/(@cos%)z +(—\/%(sin</)A +a-cos¢A))

The new beta function S, of the un-tilted ellipse, call it a normal ellipse for now, can be
written as:

B, = g Bcos’ ¢, +%(sin¢A +oc-cos¢A)2
£

7

with o, =0 by default.

Rotating an ellipse

An ellipse is typically represented by:

-14 -



x=\/$cos¢

x'= —\/%(sinqﬂacosq))

Standard rotational transformation can be used to rotate the ellipse by an angle 6:

x(,(qb) =- xcosO + x'sin@
xg'(q)) | —xsin6 +x'cos6

@cosqﬁcos@—\/%(sin¢+acos¢)-sin6

—-Jep cos¢sin0—\/%(sin¢+acos¢)~cos@

The point on the ellipse with x, = x,,,, = /¢, can be found by taking the derivative of x,(¢)
with respect to ¢,

dxg(gb)_i e i o
d—¢_d¢(@cos¢cose+( \/;)(smqﬂacosq)) sme)

= —\@sin(pcosﬁ—\/Ecos¢sin9+a\/gsin¢sin6
B B
d.
The condition that [M] =0 leads to:
=0x max

[dxe (¢)]

=—\/£sinqumax cosH—\/%cosq)Xmax sin0+oc\/%sin¢)(max sin@

W Lo
=sing, . * (—@ cosO + Oz\/E sin 0) —COS Py o * (\/E sin 0)
B B
=0
and
¢ = tan_l ﬂ
mx B—-atan

Using the characteristics shown in Figure 1 the new S, and «, for the rotated ellipse can be
calculated:

x@ (¢Xmax) = @COS¢Xmax COSH - \/%(Sin¢)(max + aCOS¢Xmax) ) Sin@
=B,

15—



X, '(¢Xmax) = _\/E cos¢@, . sinf - \/%(sin Dy TOCOSP ) -cosf

By

Similarly setting the derivative of x,'(¢) to zero,

d[xe'(¢)] _d (—@cos(psine—\/%(sin¢+acos¢)-cos0)

a9 90X man a9 =P
=.\/éfsing,. . sinf— \/Ecos Do €OSO + 0:\/E sing,. . cosf
B B
=singy. .. (\@ sinf + a\/zcosﬁ) - \/Ecos Dy nax €OSO
B B
=0
will then lead to
1
oy =tan” | ———
P (/J’-tan0+a)

Plugging in ¢, ., to get
xﬁ '(¢X'max) = _@ Cos ¢X'max Sine - \/%(Sin ¢X'max +xCos ¢X'max ) ) COSH

2
+a,

By

=\EVy =,|€
and

Xg (Prmax ) = JeB cos gy, cosf - \/E(sin Dy + ACOS Py, )+ SINO

B
=aqa, £=a6 Eﬁgz
\jy(, \f1+oc{,

new lattice function f, and a, can be calculated accordingly:

= x@ (¢X'max) ’ xlf) (¢X'max)

a, ,
5y (@rmad)]

')/9 - ] ;('max

5 = l+a;

Yo

-16 -



Fitting profile sigma for emittance and Ap/p

Formula

The observed beam profile sigma o, at the i-th profile monitor can be written down as
ol=¢B+n -8

with B, and 7, being the corresponding beta and dispersion function. The emittance and

Ap/p,ie. € and ¢, can be found by minimizing the action sum:

5ot o)
Taking tlhe derivative of § with respective to ¢ we get:
0 (ot e
=S -28(02-ep-n; -8
-3 2600 + 2 (e )+ S 28 8} =0
=:ai@%6”jﬂﬁ=zﬁ@ |

Taking the derivative of S with respect to we get:

L= Sot-ep-no)

(1)

i

B TR
- E—Zn?of +E_2"i2 (-&-B)+ E—an (—171.2 -52) =0

=& Y0 p+0 Y= ynio;

1

(2)

Fitting for both emittance and Ap/p

From (1) and ( 2) a matrix equation can be constructed as:

a, dp £
2
a dy 0

where

a, = zﬂiz a, = 2/3,77,2

4
v

(3)

7

-17 -



ay = 27712/31 Ay = 277?
and ,

V= Eﬂigiz V,= 2771‘201‘2

7

7

The values for ¢ and 6 can now be found by solving the 2 x 2 equations ( 3).

Fitting only for emittance

In this case ¢ is assumed known and ¢ can be calculated readily:

V-8-a
e= 12
a
11 , or
V,-8a
e= 2 2
ay,

-18 -



Basic coordinate rotation

Rotate by an angle 6

From the drawing above we can write down the transformation matrix as:

and

X

| Y

!

=[

cosf

—sinf@ cosf

sin@

the inverse of it:

X

| Y

cosf
sin@

—sinf
cosf

|

< o=

~ =

\/

-19 -



Fitting periodic pattern with sine function

Phase and amplitude fitting

For a given oscillation frequency € the best matching ¢, amplitude A, and overall offset &
can be determine through least square minimization.
The functional value of the oscillation can be written as:

ti
f(t,)=A-e " sin(Q-t,+¢)+5
t; 75
:A-ef;'sin(Q'ti)'cosq)+A«e ¢ -cos(Q-t ) singp+6
ti _i
:a-e_?-sin(Q-ti)+b-e 7-cos(Q-t)+0
=a-S +b-C +6
Where a, b, S, and C, are defined as:
a=Acos@
b= Asing

t

S.:eiisin(Q'ti) '

1
t

C, :e_?, -cos(€2-t)

The action S, the deviation square sum, can be written as:
2
S= E[)’; _f(ti)]

=E|:yi—a-Sl.—b-Ci—(S]2

l

Minimizing S with respect to the three variables gives:

aS
£:Z—Si[yi—a-si—b.ci—5]
=—> yS+a- Y S'+b- Y S-C+5-3 5 =0
aS
£:Z—Ci[yi—a.5i—b-ci—5]
=—> yC+a- Yy SC+b-YC’+8-2,C =0

a—S:Z—[yi—a-Si—bCi—é]

:—Zyi+a-251,+b-2Ci+5~N:0
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This leads to matrix equation for g, b, and S as:

ZSiZ ZSiCi Si Zyisi
X= ZSiCi Zciz ZC,- and Y= Z-yici
xS 26 N 2,

i i i

The solution then becomes:

a )
b |=X"-Y, and that leads to
S 0= tan”’

Error of fit

Action S can now be evaluated readily with the newly determined 4, b, and §:

S=E [y,—a-S,-b-C,=08]
—Ey,+a ES2+b2 EC2+52
~2a- Ey, S.-2b- Ey, C, -2 Ey,

+2ab- ESC +2ad- ES +2b0- EC

=(Eyf)+a2-X”+b2'X22+52-X33
-2a-Y,-2b-Y,-28-Y,+2ab-X,, +2ad0- X, +2bd- X,

Scanning for the best frequency

Though best matching frequency can’t be calculated through minimization one can still find its

value by using iterative scanning procedure. The value of action § as a function of € can be
used to determine the best matching frequency. A restricted frequency range should be used to
avoid possible aliasing effect.
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Fitting periodic pattern with two sine function

Amplitude and phase for two frequencies

When coupling is significant TBT oscillation need to be fitted with both horizontal and vertical
frequencies in order for the fit RMS to be useful a meaningful gauge of goodness-of-fit.

For a given oscillation frequencies Q , Qy, and t_, the best matching phase, ¢ and ?,,

amplitude A and A  and offset 6 can be determine through least square minimization.

The functional value of oscillation can be written as:
- =
f(ti)zAX-e Tesin(Q, -t 4+ )+A et -sin(Qy-ti+(py)+6
- -
=A e’ -sin(Q -t)-cosp +A -e* -cos(Q -t)-sing
—ti _ti
+Ay-e ’ -sm(Qy-ti)-COS(perAy-e ’ -Cos(Qy-ti)-smg0y+5,
= -
=a e’ -sin(Q -t)+b e’ -cos(Q -t)
- =
+a -e” -sin(Q t)+b e’ -cos(Q -t)+0
y y i y y i
=a -S +b -C +a -S +b -C +6
x P T T 0, T Ry,
with the following substitution definitions:
a =4 cosp , ay:Aycosq)y
b =A sing , by:Aysmq)y
4 4 .
S,=e’ sin(Q-t), Syl,:e 7 -sin(Q-t)
t t

C.= eT’ -cos(€2-t ), Cy,- = eTl -cos(€2-t)

The action S, the deviation square sum, can be written as:

A~

$=[z-1(e)]

2
=¥|7~(a,S,+b,C,+a,:S, +b,-C,+5)|
- i X Xi X Xi y yi y yi
Minimizing S with respect to the five variables gives:
oS
aT:Z—Sxi[zi—(ax-Sxi+bx-Cxi+ay'Syi+by-Cyi+6)}
= — . 2 . . . . . . . =
= Z.Z,-Sxﬁax ZSX,. +b, sti C,+a, sti S, +b, sti C,+6 ZSX,-—O
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as
@ - Z_Cxi

Jda
y

ob
y

26

i

i

i

i

—Zzicﬂ +a, -sti -C,,+b, 'Zcxi C,+a, -Ei:syi C,,+b, .zi“cyf +6 -chi =0

g

~(a,5,+b,-C +a,S, +b,-C, +3)]

2—[2,-_(%'Sx,-““bx‘Cxi+ay'5yi+by'cyi+5)}

This leads to a matrix equation for a’s, b’s, and Jas:

with Z=

and T=

Z Sxi :
Z Sxi Cxi

2 Sxi Cxi

i

ZCXi2

i

szi ‘Syi zcxi ‘Syi

i

i

sti.cyi Zcxi.cyi

2 Sxi

i

2 Cxi

i

-23 -

a—S:Z—Sﬂ[zi ~(a,5,+b,-C +a,5, +b,-C, +3)]

a—S:Z—Sxi[zi ~(a,5,+b,C, +a,S, +b,-C, +3)]

a
X

b
x

=—ZZI-CX1- +a -sti .C_+b_ .Zcxf +a, -Zcxi S, +b, -ZCXI, C,, +5-Zcxi o

_Zzisyi +a, .ZSXI, S, +b, -Zcxi S +a, Zsﬂ? +b, -Zsﬂ, C,+6 Zsﬂ =0

—2.7,+4, 35, +b, -Zcxi+ay-25yi+by-chi+5-1v:0'




-1
The solution can be written as: a, |= [T] -z,

and from which amplitude and phase can be calculated:
2 2 -1 b
A =,/a;+b;, ¢ =tan (—"]
a

b

A =.,|d’+b*, ¢ —tanl[—yl
y 7 7 y a
y

Error of fit

Minimized action S can now be evaluated readily with the newly determined a’s, b’s, and ¢:
3‘:2[21.—(%-SX,.+bX-CXI.+ay-Syl.+by-Cyl.+5)}2
—Zz +a, ZS +b’ ZC +a, ZS +b ? ZC 2+8°N
~2a, Zz S _—2b_ Zz -C,—2a, ZZ S —2b, ZZ C,,—268- Zz
+2a b 25 C +2aa 25 S, +2ab 25 C, +2a525
+2ba -Zcxi S, +2bb, -ZCXI. -C,+2b & -ZCXI.
+2a b, .zi“sﬂ, -C,,+2a,6 -Zsﬂ
+2by6-zi:Cyi

Substituting with summations already available the action S can be rewritten as:
=(Zzzij+ax2 T +b T, +a?T,+b* T, +6N
—2a,-Z,—2b -7 -2a,7,-2b -Z,-26-Z,
+2ab T +2aa T, +2ab T .+2a6T,
+2ba -T,+2bb T +2b5-T,
+2ab T, +2a6-T,
+2b 6T,
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Finding minimum of a 3rd order polynomial function

Motivation

The minimum of a distribution can usually be found by using a 2nd order polynomial fit
to the data. However, when the distribution around the minimum is not symmetric a 3rd
order fit can provide more accuracy to the location of the minimum.

Formulation

Given a 3+ order polynomial
y=a3-x3+a2 - x? +a,-x+a,
The condition for either a local maximum or a local minimum is:

'— . 2 . —
y'=3a,-x"+2a,"x+a,=0

This leads to:
P +.,/a; -3a,-q,
B} 3a,
and

" __ .
v,"=6a, x, +2a,

2
-a, x.\/a; -3a,-q,

= 6a3 . +2a2

3a,

= iZw/azz -3a,-a,

Since the condition for a local minimum is that y">0 the minimum is always with:
y y

2
-a, ++/a; -3a; - q,
X, =

a
3a,

The ordering of minimum and maximum will depend on the sign of a;, i.e. the minimum will

be on the negative side of maximum if a, <0.
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Polynomial fit to two-dimensional data array

Motivation

When data is dependent on two separate variables a two-dimensional quadratic equation, or
cubic equation, may be used to fit the data and obtain the minimum.

Formula for two-dimensional quadratic function

Two-parameter quadratic equation can be written as:
Z:ax-x2+bx-x+ay-y2+by-y+c (1)
The action S, summing all i’s and all j’s, can be then written as:

2
S:Z[ZU—(GX-xi2+bx-xi+ay-y]2,+by-yj+c)} (2)
ij

Taking the derivatives with respect to each parameters leads to:

;—S:zxiz-[zﬁ—(ax-xiz+bx-xi+ay-y]2,+by-yj+c)}
a. i
:zzij.xiz_ax'zxf_bx'fo_ay'inz.yjz'_by.zxiz'yj_c.zxiz:O
i i i i i i
95 _ x|z —la -x*+b -x+a -y*+b -y +c
b il x S TP ST Ty Sy

= —_— . 3— . 2— . . 2— . . —_— . =
_Ezij'xi a, ZX,- b, in a, in Y; by Exi y;—¢ ZXI_O
ij Lj ij ij ij ij
N 2 2 2
J:Zyi -[zij—(ax-xi +bx-xi+ay-yj+by-yj+c)}
yoou

=;ZU~yf—ax-Izj“xf-yf—bx-izj‘xi-yjz.—ay-lzjtyj—by-%yj—c-lzj’yjzo

S
J:ijj-[zij—(ax-xi2+bx-xi+ay-y]2,+by-yj+c)}
y b
ZZZU.yj_aX.ZXiz.yj_bX.ZXi.yj_ay.Zyj_by.ny_c.Zyj:0
ij ij i,j i,j iL,j ij
d0S

:Z[ZU_(QX'XiZ"'bx -xi+ay-y12,+by-yj+cﬂ

i,j

= —_ . 2_ . f— . 2_ . —(C - =
—ZZU- a, in bx zxi ay Z-yj by ZJ’,- ¢ 21 0
ij ij ij ij ij i.j

o
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For M points in i-index and N points in j-index these five simultaneous equations can be
written as:

Yz x
ij i

i,j

a
2= Zowt | o, |, g
Lj
b
zzif'yj g
i,j c

Y2
UJ

i,j

with T matrix elements defined as:
o= =N-Tx,
T, =T = $0-N-5,
Ta=To =2 Y]
Tosszozizj:Xiz'yj
T =T =T, = S =N - Y
nz=gl=;xi-yf,
713=T31=i2jx,.-y,.,
TM=T41=§‘XI,=N-ZXI,,
7;2=i2j,yf =M‘;yf ,
Ty=T,=2y] =MLy},
7;4=T42=T33=i2jy§=M;y§,
T34=T43=i2jy,.=M-;yj,

T,=)1=MxN.

1,j
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Parameters of the 2-dimensional quadratic equation can then be calculated with the equation:

ax
bx
, |=lr]' @
by

Q
Il

c

The minimized action S can now be calculated with fitted a , b_, a, by, and ¢ values:
2
S= 2[2 —(a X, +b X, +a, -y +b "y +c)}
—Zz +a, Zx +b Zx +a, Zy +b Zy +c*N
—2a Zz X —2b Zz X, — 2a ZZU y 2b ZZU Y, —2c- Zzu
+2a b ZX +2aa Zx Y +2ab Zx Y, +2ach
i,j i,j
+2bxay -in -y], +2bxby -in Y, +2bxc-zj“xi
L,j L] I,
3 2
+2ayby -Zyj +Zayc-Zyj
ij ij
+2byc-iz};yj
Substituting with summations already available the action S can be rewritten as:
=(222J+ax2-7“00+bxz-7“11+ay2-T22+by2‘T33+c2-N

-2a_-Z,~2b -Z,~2a,-Z,~2b -Z,-2-Z,
+2ab T, +2axay ‘T, +2(1be ‘T,+2ac-T,
+ ZbXay ‘T, +2bxby ‘T,+2bcT,
+2ayby-T23+2ayc-T24

+2byc-T34

Formula for two-dimensional cubic function

Two-dimensional cubic equation can be written as:

z=a X’+b x*+cx+a y’+b -y'+c -y+d (5)
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The action S, summing all i’s and all j’s, can be then written as:
3 2 3 2 :
S=IZ];[ZU —(ax X, +b X +c X +a -y +b -y +c -y, +d)} (6)

Taking the derivatives with respect to each parameters leads to:

aS
—=Yx|z —(a x’+b x’+cx+a -y +b -y'+c -y +d
aa et ij x i X 1 X 1 y J y J y J
X Lj
= . 3— . 6— . 5— . 4— . 3' 3— . 30 2— . 3- —_— . 3_
—zzy X, —a, ZX; bx in o in ay ZX; -yj by in yj Cy ZX,- yj d in =0
ij ij ij ij ij ij ij ij
N 2 3 2 3 2
—:zx.- z —|la -x’+b -x’+c x+a_ -y’+b -y +c -y +d
ab et ij x i X 1 X y J y J y J
X L]
= 2— . 5— . 4— . 3— . 2' 3— . 20 2— . 2' —_— . 2_
_Zzij.xi a, Exi b, ZX; o in a, Exi Y; by ZX; Y;—¢, in Y; d in =0
ij ij ij ij ij ij ij ij
N 3 2 3 2
—=2X.~ z —|la -x’+b -x’+cx +a -y’ +b -y‘+c -y +d
Jc et i | x T T T T Ty Sy Ty g Ty
X L]
_ 4 3 2 3 2 —
- Zij.Xi_ax.zxi _bx‘zxi _CX'ZX; _ay'zx,-'yj_by'zxi‘yj_Cy'zxi'yj_d'zxi—o
ij i,j ij i,j ij ij ij i,j
8—5—2 30z —(a -x*+b -x*+cx +a -y*+b -y +c -y +d
aa_..y" i X TR X TOX A, Y TD, YT
vy b
= . 3— . 3. 3— . 2- 3— . . 3— . 6— . 5— . 4— . 3_
_zzijyj axzx,- yj bxzxi yj szxiyj ayzyj byzy,- Cyzy,- dZJ’j—O
ij ij ij ij ij ij ij ij
8—5—2 2lz —la -x*+b -x*+cx +a -y*+b -y*+c -y +d
ab_--yj ij x i x i X7 yy]' yyj ij
yoon
= . 2— . 3- 2— . 2~ 2— . . 2— . 5— . 4’— . 3— . 2_
_zzijyj axzxi -yj bxzx,- yj szxi-yj ayzyj byzyj Cyzy,- dzy,-—o
ij ij ij ij ij ij ij ij
8—5—2 lz —(a x*+b -x*+cx +a -y*+b -y*+c -y +d
ac_,,yj ij W X Th X T e XA YD, YT, Y
vy on
_ 3 2 4 3 2 _
—sz;‘yj_ax‘zxi'J’,-_bx‘zxi‘J’,-_Cx‘zxi‘yj_ay'zyj_by‘zyj_cy‘zyj_d‘zyj—o
ij ij ij ij ij ij ij ij
N

a_d:,z]-“[z"f_(a* -xf+bx-xiz+cxxl,+ay-yj+by-yf+cy-yj+d)}

e j— . 3_ . 2_ . — . 3_ . 2_ . j— . =
_zzij ax zxi bx in Cx zxi ay zy] by Z-y] Cy zy] d 21 0
i,j i,j i,j i,j i,j i,j i,j i,j

29 _



For M points in i-index and N points in j-index these seven simultaneous equations can be
written as:

T2 x
oo

i,j

S, X
S, x .
7= szyf =[T]| a, |, (7)
S, b,
" c

with T matrix elements defined as:
_ 6
Too - in ’
1]
_ _ 5
To1 - TlO - in ’
i.j

_ _ _ 4
Toz_Tzo_Tn_zxi 4
)
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—T42=in-y]2,,

Ty = Zx Y,

T = ZX :
=Izj,yj,
=Zyjf’,

=T, =T, —Zy ,
%=@=%=m=§ﬁf
=Tu=Ts=2)
—7"65=Z,y,.,
=21=';v1><1v.

i,j

Parameters of the two-dimensional cubic equation can then be calculated with the equation:

a, =[r]" 2 (8)
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The minimized action S can now be calculated with fitted a,, b, a, b , and ¢ values:
S= 2[2—((1 X} 4+b X2 +c X +a - yi+b -yiac) y+d)}
_Zz +a Zx +b’ Zx +c, Zx +a, Zy +b Zy +c, 2y2+d2N
—2a Zz x’=2b Zz x*=2c Zz X - 2a Ezu yi-2b, Zzu yi-2c, Zzu y,-2d- sz
+2a b Zx +2ac zx +2a0a Zx yi+2ab Zx yi+2ac, Zx y+2ad2x
+2b c. .ixi ‘+2ba -ixi -y +2bxby DXy +2bxcy Y -yj+2bxd-2xi ’
+2ca, -ixi -y +2Cxl;1 -in -y +2cxc1:-in 32 +2cxdl-‘12xi ’
+2ayby-i y15,+2aycy-iz;;‘+2ayd-iz y: J J
+2b ¢, 12; yi+ Zbyd-iz;yf. J

+2€yd-Zyj
Lj

Substituting with summations already available the action S can be rewritten as:
2 2 2 2 2 2 2 2
=(Zz I,J+ax T, +b T +c?T,+a?T +b?T, +c*T +d N

—-2a -Z,—-2b -Z —2c Z,—2a, -Z3—2by Z,~2, Z.—2d-Z,
+2ab T, +2ac T, +2axay ‘T, +201be ‘T, +2axcy ‘T.+2ad-T,
+2bc T, +2bxay ‘T, +2bxby ‘T, +2bxcy ‘T.+2bd T,

+20Xay -T23+26be ‘T, +Zcxcy ‘T.+2cd-T,

+2ayby-T34+Zaycy -T35+2c1yd-T36

+2bycy-T45+2byd T,

+20yd"1"56
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Calculating exact quadratic equation from 3 points

Application

For interpolating or extrapolating using existing data points.

Formulation
With

y,=ax] +bx,+c, wherei=1,2, or 3,

we can write down three difference equations:
Y, =y = a-(xj —xlz)+b-(x2 —xl)
V=Y, =a-(x32 —)c§)+b-()c3 —x2)
i — Y =a-(x32 —xlz)+b-(x3 —xl)
and will need only two of them. ,
Using first two equations the solution for coefficients a and b can be written as:
(y2 —yl)(x3 —xz)—(y3 ‘3’2)()‘2 —xl)

(7 =) (33 =) = (4 =3 ) (3, = )

and
(yz _yl)('x32 —x;)—(y3 _yZ)(xj _xlz)

(3 =) (s =) = (35 = 3 ) (2, - )

bh=—

The third constant ¢ can be calculated when values for a and b have been determined.
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Two data examples with their corresponding quadratic equations as calculated.
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